
-Analyzing Boninger's result
on It

All Knot diagrams are assumed to be checkerboard Colorable·

When looking at knot diagrams on TM
,

their Tast graphs

can be seen as generalized ribbon graphs ,
whose vertices may

be more complicated than just discs.

Def .

Let D be a knot diagram on im with generalized

Tast graph T
.

We define

h(r) = Erybaras-Ivisil,

where bc(r) denotes the number of boundary components of

Vertex V.

h(r) can be thought of as the total number of holes

In the vertices of T
.

h(T) = 0 Iff all the vertices are discs.

Let D be a knot diagram on I with generalized Tast graphs

↑
,

Tz
,

and assume h(T) < hitz). Then either

() h(r) = h((z) = 8 sr
↓

(2) h(r) = 0
,

hire)=

more generally ,
If D is a knot diagram on

it w with generalized Tast graphs T
,
E

,
then

h(r
, ) + h((z)< m

.

( ?)



Reduced diagrams

Let D be a knot diagram on IT
. We say that

Dis Reduced if ItCan't be "Simplified .

"

This diagram is not reduced
,

because

It is equivalent to the following , simpler- diagram :

-
>

S
,

D is reduced ifIt satisfies one of the following :

(1) D can be drawn on a plane.

(2) D can be drawn on a cylinder but D is not equivalent on the

torus) to a diagram which can be drawn on the plane.

1) D is not equivalent (on the torus) to a diagram which can

be drawn on a Cylinder.

-reduceddiagrams :

- Ye
7

If D is a diagram on It equivalent to reduced diagrams Di
, Dz,

then h(D
, ) = h(D2).



Claim Let D be a knot diagram on I with generalized-

Talt graphs T
,

52 .
Let D'be a reduced diagram equivalent to

D with corresponding Tast graphs T
,
-· Then the following is

Invariant under Reidemester moves :

hi)-hirist var][(-A2- A-4)
= Ih(m) - h(T, ))

-D
,
5,,

( - A2- 12)

In otherwords
,

the polynomial v always changes by a

factor of 1-A2-A-2) .

ProofBy our previous work
,

we know that EVD
, + , VD

,r]-

IS Invariant under Reidemester moves It #
,

and also

more II when regions A and B are distinct
,

as

pictured below :

x+
B



x + T
B

Additionally ,
In these cases the factor

(- A2 - A
-

2)
- (h(y) - n(t, )

remains unchanged. So
,

the only case we need to

Check is RII as pictured above when regions A and B

are the same.

E
-

· < ·D
-

C Tz C2
G2

Call the new diagram E with Talt graphs G
, G2

It is not hard to show that -A2-1-2)-hir)-hissy
D

, T
IS unchanged,

So we only need to check the blue region.

It is also not hard to check that VE
, G

= FA2-A2) VD,

Case1 .
C

, 22 are the same curve.
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G2 ↑i ----
&

ba(Gz) = bc(t2) + 2
,
IV(Gz)) = (V()) + )

,
so

h (G2) = bc(G2) - (V(az)) = bc(() + 2 - (V(t)) - 1 = (bc((z) - (v((z))) + 1 = h((z) + 1
.

This means that h((z) = 0
,
h/Gz) = 1 .

This must mean that h(r) = 0.

Then
- I

(-A2- A
-

2)
- Ih(z) -

h((z))vE
,

= (-A2- A 2)( - A2- A
-2)2

G2 D, 2

= (Az A-2)
- 1h() - h((z))

VD
, z

Ce2. C
, 22 are distinct curves

.

D
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bc(G2) = balte)
,
(Vaz)) = (V(z)) + 1

,
so haz) = ba(az) - Ivraa)l

= bc(t2)-IV(52)) - 1 = h((z) - 1
.

It follows that h((z) = 1
,

nGz) = 0
,

and h (b) = 0 Then

- Ihraz) -h((z))
y(-A2- A

-

2) E , Gz
= (-A2- A

-2)( - A2- A-z)2
D, 2

= (Az A - 2)
(h(r) - h((a))

VD
, z


